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p-GROUP CAMINA PAIRS
MARK L. LEWIS
Abstract. Let (G,Z(G)) be a Camina pair. We prove that G
must be a p-group for some prime p. We also prove that |Z(G)| <
|G : Z(G)|3/4. Also, we discuss how one might build examples
with |Z(G)| > |G : Z(G)|1/2, although we are not able to prove
the existence of such examples.
1. Introduction
Throughout this note G is a finite group. A pair (G,N) is a Camina
pair if 1 < N < G is a normal subgroup of G and for every element
g ∈ G \ N , the element g is conjugate to all of gN . These have been
studied in a number of places ([1], [2], [3], [6], and [7]). There are
a number of equivalent conditions for Camina pairs. An equivalent
condition that we use is: (G,N) is a Camina pair if and only if for
every element g ∈ G \ N and for every element n ∈ N , there exists
an element y ∈ G so that [y, g] = n. Another condition we refer to is:
(G,N) is a Camina pair if and only if every character in Irr(G | N)
vanishes on G \N . A third condition we need is: (G,N) is a Camina
pair if and only if |CG(g)| = |CG/N(gN)| for all g ∈ G \N .
It follows easily from the definition that if (G,N) is a Camina pair,
then Z(G) ≤ N ≤ G′. The two extreme cases are when N = G′ and
when N = Z(G). In the case N = G′, we say that the group G is a
Camina group, and this case has been studied in a number of papers
([4], [8], and [9]). In this paper, we consider the other extreme case
where N = Z(G).
Under the assumption that (G,Z(G)) is a Camina pair, we will give
a very short proof that G must be a p-group for some prime p. Our
main goal in this paper is to bound |Z(G)| in terms of |G : Z(G)| and
associated quantities. It is quite easy to show that |Z(G)| < |G : Z(G)|
(see Theorem 3.3). We will show that better bounds exist. The first
bound in terms of the index of the derived subgroup is not much more
difficult to prove.
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Theorem 1. Let (G,Z(G)) be a Camina pair. Then |Z(G)| ≤ |G : G′|.
When (G,Z(G)) is a Camina pair and Z(G) < G′, then we also
obtain a bound for |Z(G)| in terms of |G′ : Z(G)|. In particular, we
have the following result.
Theorem 2. Let (G,Z(G)) be a Camina pair with Z(G) < G′. Then
|Z(G)| < |G′ : Z(G)|3.
With this theorem in hand, we are able to prove the most general
result in this note.
Theorem 3. Let (G,Z(G)) be a Camina pair. Then |Z(G)| < |G :
Z(G)|3/4.
When |G : Z(G)| is small, we can obtain a stronger bound. This is
the content of the next theorem.
Theorem 4. Let (G,Z(G)) be a Camina pair with Z(G) < G′. Then
either |Z(G)| ≤ |G : Z(G)|1/2 or |Z(G)|p4 ≤ |G : Z(G)|. In particular,
if |G : Z(G)| ≤ p8, then |Z(G)| ≤ |G : Z(G)|1/2.
Also, if G/Z(G) does not have exponent p, we can also obtain a
stronger result.
Theorem 5. Let (G,Z(G)) be a Camina pair. If G is a p-group and
the exponent of G/Z(G) is not p, then |Z(G)| < |G : Z(G)|1/2.
When we originally started working on this problem, we conjectured
that |Z(G)| ≤ |G : Z(G)|1/2 whenever (G,Z(G)) is a Camina pair.
This conjecture was based on the fact that this is known to be true if
G is a Camina group of nilpotence class 2. (See Theorem 3.2 of [8].)
At this time, we do not have any counter-examples to this conjecture.
However, we will sketch out some properties of possible groups that
would violate the conjecture, and while we cannot prove that such
groups exist, we do have seem reason to believe that they do.
2. Basics
We first prove that if (G,Z(G)) is a Camina pair, then G is a p-group
for some prime p. The key to proving this result is a fact proved by
Camina.
Lemma 2.1. Let (G,Z(G)) be a Camina pair. Then G is a p-group
for some prime p.
Proof. In Theorem 2 of [1], Camina proved that if (G,N) is a Camina
pair, then G is a Frobenius group with Frobenius kernel N or either
p-GROUP CAMINA PAIRS 3
G/N or N is a p-group for some prime p. Since N = Z(G), we see that
G is not a Frobenius group. So either G/Z(G) or Z(G) is a p-group for
some prime p. Given a ∈ G \Z(G) and z ∈ Z(G), we know that a and
az are conjugate, so they have the same order. Since a and z commute,
this implies that o(z) divides o(a). If G is not a p-group, then one can
choose a and z to have coprime orders, a contradiction. 
When (G,N) is a Camina pair and G is a p-group for some prime p,
there is a connection between N and the lower and upper central series
for G. We denote the lower central series by G1 = G, G2 = [G,G] = G
′,
and Gi = [Gi−1, G] for all i ≥ 2, and we denote the upper central series
by Z1 = Z(G) and Zi/Zi−1 = Z(G/Zi−1) for i ≥ 2. The next two
lemmas were proved by Macdonald in [8]. This first lemma (Theorem
2.2 of [8]) shows that if (G,Z(G)) is a Camina pair, then each factor
in the upper central series has exponent p.
Lemma 2.2. [8] Let (G,Z(G)) be a Camina pair, and let p be the
prime so that G is a p-group. Then Zi/Zi−1 has exponent p for 1 ≤
i ≤ c where c is the nilpotence class of G. In particular, Z(G) is an
elementary abelian p-group.
This second lemma (Lemma 2.1 of [8]) was proved by Macdonald
in the more general setting where (G,N) is a Camina pair and G is a
p-group. He actually proved that N is a term in both the upper and
lower central series. When N = Z(G), this reduces to the following.
Lemma 2.3. [8] Let (G,Z(G)) be a Camina pair. If G has nilpotence
class c, then Z(G) = Gc.
Suppose N is a normal subgroup of G. The character θ ∈ Irr(N) is
said to be fully ramified with respect to G/N if θ is G-invariant and
θG has a unique irreducible constituent. Problem 6.3 of [5] shows that
this there are two conditions equivalent to this conditions. We make
use of both of these equivalent conditions in the next lemma which is
well-known.
Lemma 2.4. Let (G,Z(G)) be a Camina pair. Every character in
Irr(G | Z(G)) is fully ramified with respect to G/Z(G). In particular,
|G : Z(G)| is a square.
Proof. Since (G,Z(G)) is a Camina pair, we know that every character
in Irr(G | Z(G)) vanishes on G\Z(G). In Problem 6.3 of [5], it is shown
that vanishing on G \N and being homogeneous upon restriction to N
implies that an irreducible character is fully ramified with respect to
G/N . Also, it is shown in that problem that if χ is fully ramified, then
|G : Z(G)| = χ(1)2. 
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3. Exponent bigger than p
Recall that if (G,G′) is a Camina pair, then G is a Camina group.
When G is a Camina p-group of nilpotence class 2, then the following
result was proved by Macdonald in Theorem 3.2 of [8].
Lemma 3.1. Let G be a Camina group of nilpotence class 2. Then
|Z(G)|2 ≤ |G : Z(G)|.
Recall that if (G,Z(G)) is a Camina pair, then Z(G) ≤ G′. Thus,
we may assume that Z(G) < G′.
Let g ∈ G \ Z(G). We set DG(g) = {x ∈ G | [g, x] ∈ Z(G)}.
It is not very hard to see that CG(g) ≤ DG(g) and DG(g)/CG(g) =
CG/Z(G)(gZ(G)). It follows that DG(g) is a subgroup of G. When the
group G is clear, we write C(g) for CG(g) and D(g) for DG(g).
Lemma 3.2. Let (G,Z(G)) be a Camina pair where G is a p-group. If
g ∈ G \ Z(G), then D(g)/C(g) ∼= Z(G). In particular, D(g)′ ≤ C(g).
Proof. Consider the map D(g)→ Z(G) by d 7→ [d, g]. By the definition
of D(g), we know that this map is well-defined. Since Z(G) is central,
this map is a homomorphism. To see that this map is onto, suppose
z ∈ Z(G). By the Camina condition, there exists y ∈ G so that
[y, g] = z. But now, [y, g] ∈ Z(G) implies that y ∈ D(g). Finally,
observe that C(g) is the kernel of this homomorphism. We now apply
the first isomorphism theorem to see that D(g)/C(g) ∼= Z(G). 
We now obtain a bound of |Z(G)| in terms of |G : Z(G)| when
G/Z(G) does not have exponent p. This yields Theorem 5.
Theorem 3.3. Let (G,Z(G)) be a Camina pair where G is a p-group.
If G/Z(G) has exponent pn with n ≥ 1, then |Z(G)|npn ≤ |G : Z(G)|.
In particular, |Z(G)|n < |G : Z(G)|.
Proof. Since G/Z(G) has exponent pn, there exists an element x ∈
G \ Z(G) so that xp
n−1
6∈ Z(G) but xp
n
∈ Z(G). We claim that
C(xp
i+1
) ≥ D(xp
i
) for i = 0, . . . , n−1. Suppose that a ∈ D(xp
i
). Then
[a, xp
i
] ∈ Z(G). By Lemma 2.2, we know that [a, xp
i
]p = 1. Since
[a, xp
i
] is central, we have [a, xp
i+1
] = [a, xp
i
]p = 1. It follows that
a ∈ CG(x
pi+1). By Lemma 3.2, we know that D(xp
i
)/C(xp
i
) ∼= Z(G)
for i = 0, . . . , n − 1. Finally, we know that x ∈ C(x). It follows
that pn divides |C(x) : Z(G)| and |D(xp
i
) : C(xp
i
)| = |Z(G)| for i =
0, . . . , n− 1. Finally, we have
|G : Z(G)| ≥
(
n−1∏
i=0
|D(xp
i
) : C(xp
i
)|
)
|C(x) : Z(G)| ≥
n−1∏
i=0
|Z(G)|pn.
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It is not difficult to see that this implies that |G : Z(G)| ≥ |Z(G)|npn.

We now apply Theorem 3.3 to 2-groups.
Corollary 3.4. Let (G,Z(G)) be a Camina pair where G is a 2-group.
Then |Z(G)|2 ≤ |G : Z(G)|. Furthermore, if equality holds, then G is
a Camina group.
Proof. If G′ = Z(G), then G is a Camina group, and we know that
the result holds. Thus, we may assume G is not a Camina group and
Z(G) < G′. In particular, G/Z(G) is not abelian. This implies that
G/Z(G) does not have exponent 2. By Theorem 3.3, we know that
|Z(G)|2 < |G : Z(G)|. This proves the corollary. 
In particular, this says that if (G,Z(G)) is a Camina pair where
|G : Z(G)| = 16 and G is not a Camina group, then |Z(G)| = 2.
Hence, |G| = 32. Looking through the small groups library, we have
found that there are 5 such groups. In the small groups library in
Magma they are SmallGroup(32, i) where i = 6, 7, 8, 43, 44.
Henceforth, we may assume that p is odd and that G/Z(G) has
exponent p.
4. Centralizers of G/Z(G)
In this section, we consider the centralizers in G/Z(G). We begin
with a sufficient condition for such a centralizer to be abelian. In
particular, we are working to show that |Z(G)| ≤ |G : Z(G)|1/2 when
|G : Z(G)| is small.
Lemma 4.1. Let (G,Z(G)) be a Camina pair. If a ∈ G\Z(G) satisfies
C(a) ∩G′ = Z(G), then D(a)/Z(G) is abelian.
Proof. Observe that D(a)′ ≤ C(a) since by Lemma 3.2 D(a)/C(a) is
isomorphic to an abelian group. Obviously, D(a)′ ≤ G′. It follows that
D(a)′ ≤ C(a) ∩G′ = Z(G). This proves the result. 
We note that is not difficult to see that [Z2, G
′] = 1. In fact,
[Zi, Gi] = 1 for all i. (This is Hauptsatz III.2.11 of Huppert’s Endlichen
Gruppen I.) This can also be easily proved via 3 Subgroups Lemma.
Since G′ ≤ G′Z2, Theorem 1 is a consequence of this lemma.
Lemma 4.2. Let (G,Z(G)) be a Camina pair. If G/Z(G) is not
abelian, then |G : G′Z2| ≥ |Z(G)|.
Proof. SinceG/Z(G) is nilpotent and not abelian, we know thatG′/Z(G)∩
Z(G/Z(G)) > Z(G)/Z(G). This implies that G′ ∩ Z2 > Z(G). Hence,
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there exists a ∈ G′∩Z2\Z(G). We see thatD(a) = G, so by Lemma 3.2,
we have G/C(a) ∼= Z(G). Since G′ centralizes Z2, we have G
′ ≤ C(a),
and since Z2 centralizes G
′, we have Z2 ≤ C(a). This implies that
G′Z2 ≤ C(a) and thus, |G : G
′Z2| ≥ |G : C(a)| = |Z(G)|. 
We now use a condition on centralizers to bound |Z(G)| in terms of
|G : Z(G)|.
Lemma 4.3. Let (G,Z(G)) be a Camina pair. If there exists a ∈
G \ Z(G) so that D(a)/Z(G) is abelian and |G : D(a)| = p, then
|Z(G)|2 ≤ |G : Z(G)|.
Proof. There exists b ∈ G \ D(a). Observe that G = 〈b〉D(a) =
D(b)D(a). It follows that D(a)∩D(b) will centralize G modulo Z(G),
so D(a) ∩ D(b) ≤ Z2. Also, |G : D(a) ∩ D(b)| = |G : D(a)||D(a) :
D(a) ∩ D(b)| = |G : D(a)||G : D(b)| = p|G : D(b)|. Observe that
|C(b) : Z(G)| ≥ p. Also, we may apply Lemma 4.2 to see that
|Z(G)| ≤ |G : Z2|. Together, these equations and inequalities imply
that |Z(G)| ≤ |G : Z2| ≤ |G : D(a) ∩D(b)| ≤ |G : D(b)||C(b) : Z(G)|.
By Lemma 3.2, we know that |D(b) : C(b)| = |Z(G)|, and we conclude
that |Z(G)|2 ≤ |G : Z(G)|. 
As a corollary, we obtain our bound when |G′ : Z(G)| = p.
Corollary 4.4. Let (G,Z(G)) be a Camina pair. If |G′ : Z(G)| = p
where p is a prime, then |Z(G)|2 ≤ |G : Z(G)|.
Proof. Since |G′ : Z(G)| = p, we know that G′/Z(G) is central in
G/Z(G). For any element g ∈ G, the map x 7→ [g, x]Z(G) will be a
homomorphism from G to G′/Z(G) whose kernel is D(g). This implies
that |G : D(g)| ≤ p for every g ∈ G. Since Z(G) < G′, there exists
g ∈ G so that C(g) ∩ G′ < G′. This implies that C(g) ∩ G′ = Z(G)
since |G′ : Z(G)| = p. By Lemma 4.1, D(g)/Z(G) is abelian. We are
now done by Lemma 4.3. 
This yields our conclusion when |G : Z(G)| ≤ p6.
Corollary 4.5. Let (G,Z(G)) be a Camina pair where G is a p-group
for some prime p. Then either |Z(G)|2 ≤ |G : Z(G)| or |Z(G)|p3 ≤
|G : Z(G)|.
Proof. We may assume Z(G) < G′. Let a ∈ G \ Z2G
′. Thus, |G :
D(a)| ≥ p and |C(a) : Z(G)| ≥ p, and so, |G : D(a)||C(a) : Z(G)| ≥
p2. By Lemma 3.2, we know that |D(a) : C(a)| = |Z(G)|. If |G :
D(a)||C(a) : Z(G)| ≥ p3, then |G : Z(G)| ≥ p3|Z(G)|. If |G : Z(G)| ≤
p6, then this implies that |Z(G)| ≤ p3, and so, |Z(G)|2 ≤ |G : Z(G)|.
Thus, we may assume that |G : D(a)||C(a) : Z(G)| = p2. This implies
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that |G : D(a)| = |C(a) : Z(G)| = p, so C(a) = 〈a〉Z(G). Since a 6∈ G′,
we have C(a) ∩ G′ = Z(G). By Lemma 4.1, D(a)/Z(G) is abelian.
Applying Lemma 4.3, we obtain the conclusion that |Z(G)|2 ≤ |G :
Z(G)|. 
Let (G,Z(G)) be a Camina pair. We define the set C(G) by {x ∈ G |
C(x) ∩ G′ > Z(G)}. (We normally omit the G, and just write C.) If
G′ = Z(G), then C is empty. On the other hand, it is not difficult to see
that G′ and C(G′) are contained in C, so C is nonempty if Z(G) < G′.
This next lemma gives a second characterization of C.
Lemma 4.6. Let (G,Z(G)) be a Camina pair with Z(G) < G′. Then
C = ∪a∈G′\Z(G)C(a).
Proof. Suppose x ∈ C. Then C(x) ∩ G′ > Z(G). Hence, there exists
b ∈ (C(x) ∩ G′) \ Z(G). Observe that x ∈ C(b) ⊆ ∪a∈G′\Z(G)C(a).
Hence, C ⊆ ∪a∈G′\Z(G)C(a).
On the other hand, if x ∈ ∪a∈G′\Z(G)C(a), then x ∈ C(b) for some
b ∈ G′ \ Z(G). It follows that b ∈ (C(x) ∩ G′) \ Z(G). This implies
that Z(G) < C(x) ∩G′, and so, x ∈ C. 
We now use the structure of C.
Lemma 4.7. Let (G,Z(G)) be a Camina pair with Z(G) < G′. Let
n, m, and l be positive integers so that |G : Z(G)| = pn, |Z(G)| = pm,
and |G′ : Z(G)| = pl. Suppose k is in integer so that pk ≤ |G : H| for
any subgroup H of G all of whose elements lie in C. If C < G, then
k ≤ 2l and k ≤ 2(n−m− 1).
Proof. If x ∈ G\C, then C(x)∩G′ = Z(G). By Lemma 4.1, D(x)/Z(G)
is abelian. Thus, we may pick x ∈ G \ Z(G) so that D(x) is maximal
subject to D(x)/Z(G) is abelian. Let y ∈ G \ D(x). For z ∈ D(x) ∪
D(y), we have that D(x) and y are both in D(z), so D(x) < D(z).
The maximality of D(x) implies that D(z)/Z(G) is nonabelian. By
4.1, this implies that C(z) ∩G′ > Z(G), and so, z ∈ C. In particular,
every element in D(x) ∩ D(y) lies in C. By the hypothesis, we have
|G : D(x) ∩D(y)| ≥ pk.
Notice that |G : D(x)||C(x) : Z(G)| = |G : D(y)||C(y) : Z(G)| =
pn−m. Since x ∈ C(x)\Z(G) and y ∈ C(y)\Z(G), we have |G : D(x)| ≤
pn−m−1 and |G : D(y)| ≤ pn−m−1. This implies that |G : D(x)∩D(y)| ≤
|G : D(x)||G : D(y)| ≤ p2n−2m−2. Since D(x) ∩D(y) ≤ C(a), we have
|G : C(a)| ≤ |G : D(x) ∩D(y)|. This implies that pk ≤ p2n−2m−2, and
hence, k ≤ 2(n−m− 1).
Also, notice that |G : D(x)| is the size of the conjugacy class of xZ(G)
in G/Z(G). It is not difficult to see that the size of the conjugacy
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class of xZ(G) in G/Z(G) will be bounded by |G′ : Z(G)|. Thus,
|G : D(x)| ≤ pl. It follows that |G : D(x) ∩D(y)| ≤ p2l, and working
as in the last paragraph, we obtain k ≤ 2l. 
We get a better bound in a restricted case.
Corollary 4.8. Let (G,Z(G)) be a Camina pair with Z(G) < G′. Let
n and m be positive integers so that |G : Z(G)| = pn and |Z(G)| = pm.
If there exists a ∈ (G′ ∩ Z2) \ Z(G) such that C(b) ≤ C(a) for all
b ∈ G′ \ Z(G), then 3m + 2 ≤ 2n. In particular, this occurs if either
|CG(G
′) : Z(G)| = pn−m or |G′ : Z(G)| = p.
Proof. Suppose there exists a ∈ (G′∩Z2)\Z(G) such that C(b) ≤ C(a)
for all b ∈ G′ \ Z(G). It follows that C = C(a). Since C(a) < G,
this implies that C < G. Hence, in the notation of Lemma 4.7, we
have k = m since |G : C(a)| = |Z(G)|. By that lemma, we obtain
m ≤ 2(n−m− 1), and so, 3m+ 2 ≤ 2n.
If |G′ : Z(G)| = p, then G′ = 〈a, Z(G)〉. Observe that a ∈ Z2 and if
b ∈ G′ \Z(G), then C(b) = C(a). Suppose now that |CG(G
′) : Z(G)| =
pn−m. If b ∈ G′ \Z(G), then CG(G
′) ≤ C(b) and |C(b) : Z(G)| ≤ pn−m.
It follows that CG(G
′) = C(b). Taking a ∈ (G′ ∩ Z2) \ Z(G), we have
C(b) = CG(G
′) = C(a). 
5. Bounding |Z(G)| by |G′ : Z(G)|
In this next theorem, we show that |Z(G)| can be bound by a func-
tion in terms of |G′ : Z(G)|. This yields Theorem 2.
Theorem 5.1. Let (G,Z(G)) be a Camina pair. Suppose m and l
are positive integers so that |Z(G)| = pm and |G′ : Z(G)| = pl. Then
m ≤ 3l − 1.
Proof. Observe that l ≥ 1. Thus, if m ≤ l, then m < 3l − 1. Hence,
we may assume that m > l. If C = C(a) for some a ∈ G′ \ Z(G), then
in the notation of Lemma 4.7, we have k = m, and by the conclusion
of that lemma, m ≤ 2l ≤ 3l − 1. Thus, we may assume that C(a)
is properly contained in C for all a ∈ G′ \ Z(G). This implies that
C(G′) < C(a) when a ∈ (G′ ∩ Z2) \ Z(G).
We write S = {C(a) | a ∈ G′ \ Z(G)} for the set of centralizers so
that C = ∪C∈SC. Notice that if a, a
′ ∈ G′ \ Z(G) with 〈a, Z(G)〉 =
〈a′, Z(G)〉, then C(a) = C(a′). Hence, |S| is bounded by the number
of cyclic subgroups in G′/Z(G). Since |G′ : Z(G)| = pl, the number of
cyclic subgroups in G′/Z(G) is (pl − 1)/(p − 1). In particular, |S| <
(pl − 1). Let n be the positive integer so that |G : Z(G)| = pn. It
follows that |G| = |G : Z(G)||Z(G)| = pnpm = pn+m. If a ∈ G \ Z(G),
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then |G : C(a)| ≥ pm, so |C(a)| ≤ pn. In particular, if C ∈ S, then
|C| ≤ pn. If we let |C(G′)| = ph, then h < n.
We now have |C| = | ∪C∈S C| = | ∪C∈S C \ C(G
′)| + |C(G′)|. This
implies that
|C| ≤
∑
C∈S
(|C| − |C(G′)|) + |C(G′)| ≤ |S|(pn − ph) + ph.
We then obtain |C| < (pl − 1)(pn − ph) + ph.
Multiplying out the expression in the right-hand side of the inequal-
ity, we obtain (pl−1)(pn−ph)+ ph = plpn−pn−plph+ ph+ ph < pl+n.
This shows that |C| < pl+n. Recall that l < m, so |C| < pm+n = |G|.
If H is a subgroup of G so that every element of H lies in C, then
|H| ≤ |C| < pn+l. It follows that |H| ≤ pn+l−1. This implies that
|G : H| ≥ pn+m/pn+l−1 = pm−l+1. In the context of Lemma 4.7, we
may take k = m−l+1. Applying that lemma, we obtainm−l+1 ≤ 2l.
We conclude that m ≤ 3l − 1. 
We now use the bound of the previous theorem to obtain a bound
on |Z(G)| in terms of |G : Z(G)|. In particular, this is Theorem 3.
Corollary 5.2. Let (G,Z(G)) be a Camina pair. If |G : Z(G)| = pn
and |Z(G)| = pm, then 4m+ 1 ≤ 3n.
Proof. Let l be an integer so that |G′ : Z(G)| = pl. By Theorem 5.1, we
know thatm ≤ 3l−1. By Lemma 4.2, we have |G : G′| ≤ pm. It follows
that |G′ : Z(G)| ≤ pn−m. It follows that (m+ 1)/3 ≤ l and l ≤ n−m.
Combining these, (m+1)/3 ≤ n−m, and so, m+1 ≤ 3n−3m. Finally,
we deduce that 4m+ 1 ≤ 3n. 
When |G : Z(G)| is small, we can bound |Z(G)| by |G : Z(G)|1/2.
This is Theorem 4.
Theorem 5.3. Let (G,Z(G)) be a Camina pair with Z(G) < G′. Then
either |Z(G)|2 ≤ |G : Z(G)| or |Z(G)|p4 ≤ |G : Z(G)|. In particular,
if |G : Z(G)| ≤ p8, then |Z(G)|2 ≤ |G : Z(G)|.
Proof. Let n and m be positive integers so that |G : Z(G)| = pn and
|Z(G)| = pm. We need to show that either n − m ≥ 4 or n ≤ n/2.
We assume n−m ≤ 3. We know by Lemma 4.5 that the result holds
when n−m = 2. Thus, we may assume n −m = 3. If the inequality
3m+2 ≤ 2n holds, then n+2 ≤ 3n− 3m = 3(n−m) holds by adding
n− 3m to both sides. Since n −m = 3, we have n ≤ 7. On the other
hand, we know |G : Z(G)| has to be a square, so n is even. Hence,
n ≤ 6, and either n = 6 or n = 4. If n = 6, then m = 3 = n/2, and if
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n = 4, then m = 1 < n/2, and so the result holds. Thus, it suffices to
prove that 3m+ 2 ≤ 2n holds.
By Lemma 4.2, |G′ : Z(G)| ≤ pn−m = p3. If |G′ : Z(G)| = p, then
we are done by applying Corollary 4.8. Thus, we may assume that
|G′ : Z(G)| > p. Notice that Z2 ≤ CG(G
′). If |Z2 : Z(G)| = p
3, then
we may again Corollary 4.8 to obtain the conclusion. Thus, we may
assume that |Z2 : Z(G)| < p
3.
We now suppose that |G′ : Z(G)| = p3. By the previous paragraph,
we have G′ ∩ Z2 < G
′. If |G′ : G′ ∩ Z2| = p, then G
′ ∩ Z2 is central
in G′ and G′/G′ ∩ C2 is cyclic. It follows that G
′ is abelian, and so,
G′ ≤ CG(G
′). We deduce that |CG(G
′) : G′| = p3, and we may apply
Corollary 4.8 once again to obtain the conclusion. Thus, we must have
|G′ : G′ ∩ Z2| = p
2, and so, |G′ ∩ Z2 : Z(G)| = p. This implies that
G′ ∩ Z2 = 〈a, Z(G)〉. If x ∈ (Z2 ∩ G
′) \ Z(G), then C(x) = C(a).
Recall that G′ ≤ C(a), and since |G′ : Z(G)| = |C(a) : Z(G)| = p3,
we conclude that C(a) = G′. If b ∈ G′ \ Z2, then |G : D(b)| ≥ p,
so |C(b) : Z(G)| ≤ p2. Since a, b ∈ C(b), we conclude that C(b) =
〈a, b, Z(G)〉 ≤ G′. This implies that the hypotheses of Corollary 4.8
are met, and so the conclusion holds.
For the rest of this proof, we have |G′ : Z(G)| = p2. If G′ ∩Z2 < G
′,
then |G′ ∩ Z2 : Z(G)| = p. In particular, Z2 ∩ G
′ = 〈a, Z(G)〉. If
x ∈ (Z2 ∩ G
′) \ Z(G), then C(x) = C(a). Let b ∈ G′ \ Z2. Then
|G : D(b)| ≥ p, so |C(b) : Z(G)| ≤ p2. Since a, b ∈ C(b), we have
C(b) = 〈a, b, Z(G)〉 ≤ G′ ≤ C(a). We now apply Corollary 4.8, and we
are done.
We have G′ ∩Z2 = G
′, and since |Z2 : Z(G)| < p
3, we have Z2 = G
′.
Hence, G′ ≤ CG(G
′). If G′ < CG(G
′), then we may appeal to Corollary
4.8 to finish, so we may assume G′ = CG(G
′). We can find a1, a2 so
that G′ = 〈a1, a2, Z(G)〉. Notice that G
′ = CG(G
′) = CG(a1)∩CG(a2).
Consider a ∈ G′ \ Z(G). We know that G = D(a), so |C(a) :
Z(G)| = p3. Since G′ ≤ C(a), we have |C(a) : G′| = p. It follows that
C(a) = 〈b, G′〉 for some b ∈ G \ Z2. Since b is not in Z2, it follows
that |G : D(b)| ≥ p, and so, |C(b) : Z(G)| ≤ p2. Now, a, b ∈ C(b),
and so, C(b) = 〈a, b, Z(G)〉. This implies that |C(b) : Z(G)| = p2, and
so, |G : D(b)| = p. By Lemma 4.3, we know that D(b)/Z(G) is not
abelian.
Now, pick bi, for i = 1, 2 so that C(ai) = 〈ai, bi, Z(G)〉. By Lemma
3.2, we know that D(bi)
′ ≤ C(bi). Let L = D(b1) ∩D(b2), and observe
that L′ ≤ D(b1)
′ ∩D(b2)
′ ≤ C(b1) ∩ C(b2). Notice that C(bi) ≤ C(ai),
so C(b1)∩C(b2) ≤ C(a1)∩C(a2) = G
′. Hence, C(b1)∩C(b2) = C(b1)∩
C(b2) ∩ G
′ = Z(G). It follows that L/Z(G) is abelian. Notice that if
D(b1) = D(b2), then D(b1) = L which is a contradiction, since we have
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that D(b1)/Z(G) is not abelian. Hence, we have that D(b1) 6= D(b2).
Since |G : D(b1)| = |G : D(b2)| = p, it follows that |G : L| = p
2.
If b1 is not in L, then b1 is not in D(b2). This implies that b2 is
not in D(b2), and so, b2 not in L. Notice that D(b1) = 〈b1, L〉 and
D(b2) = 〈b2, L〉. It follows that G = 〈b1, b2, L〉. Now, if x ∈ L, then
L, b1, b2 ∈ D(x), and thus, D(x) = G. This implies that x ∈ Z2, and
so, L ≤ Z2. We have p
2 = |G : L| ≥ |G : Z2| ≥ p
m. We obtain m ≤ 2,
and since n − m = 3. This implies n ≤ 5. We have seen that n is
even and at least 4. We conclude that n = 4 and m = 2, and the
result holds. Thus, we may assume that b1 ∈ L and this implies that
b1 ∈ D(b2), and so, b2 ∈ D(b1). We conclude that b2 ∈ L. Notice that
this implies that C(a1), C(a2) ≤ L.
Let a ∈ G′ \Z(G) and consider b ∈ CG(a). Suppose a ∈ 〈a1, Z(G)〉∪
〈a2, Z(G)〉. By the previous paragraph, we know that b ∈ L. We now
suppose that a ∈ G′ \ (〈a1, Z(G)〉 ∪ 〈a2, Z(G)〉). It follows that G
′ =
〈a, a1, Z(G)〉 = 〈a, a2, Z(G)〉. Applying the argument in the previous
paragraph, we see that b ∈ D(b1) and b ∈ D(b2). It follows that
b ∈ D(b1)∩D(b2) = L. In particular, we have L ≤ D(b). If b 6∈ G
′ = Z2,
then we have shown that |G : D(b)| = |D(b) : L| = p. Notice that the
previous paragraph implies that D(b) ∩D(b1) = D(b) ∩D(b2) = L.
We now show that there is a bijection between Z = {〈a, Z(G)〉 | a ∈
G′ \ Z(G)} and L = {〈c, L〉 | c ∈ G \ L} defined by 〈a, Z(G)〉 7→ Ma
where Ma = 〈c, L〉 = D(b) with C(a) = 〈b, G
′〉.
We first show that this map is well-defined. Observe that if 〈a, Z(G)〉 =
〈a′, Z(G)〉, then C(a′) = C(a). Next, observe that if C(a) = 〈b, G′〉 =
〈b′, G′〉, then b′ = by where y ∈ G′ = Z2. This implies that D(b
′) =
D(by) = D(b). This shows that the map is well-defined.
We next show that the map is one-to-one. Suppose that 〈a, Z(G)〉 6=
〈a′, Z(G)〉. Then G′ = 〈a, a′, Z(G)〉, and we can repeat the previous
paragraph with a and a′ in place of a1 and a2. From that paragraph,
we know that Ma ∩ Ma′ = L, so Ma 6= Ma′ . This shows that the
map is one-to-one. Notice that |G′ : Z(G)| = |G : L| = p2. Hence,
|Z| = |L| = (p2 − 1)/(p − 1) = p + 1 (the number of subgroups of
order p in an elementary abelian group of order p2). Thus, the map is
a bijection.
Suppose c ∈ L. Since L/Z(G), we know that L ≤ D(c). If c 6∈ G′ =
Z2, then we know that D(c) < G. If L < D(c), then D(c) = Ma for
some a ∈ G′ \ Z(G). By Lemma 4.3, we know that C(c) ∩G′ > Z(G).
Hence, there exists a′ ∈ (C(c) ∩ G′) \ Z(G), and so, c ∈ C(a′). It
follows that Ma′ = D(c) = Ma. By the bijection, this implies that
〈a, Z(G)〉 = 〈a′, Z(G)〉, and so, C(a) = C(a′). In particular, c ∈ C(a).
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Observe that |L : Z2| = p
n−4. If n = 4, then the result holds. Thus,
we may assume that n > 4 and so Z2 < L. Thus, there exists an
element g ∈ G with D(g) ∩ L < L. If g ∈ L, then L ≤ D(g) since
L/Z(G) is abelian. Thus, g is not in L. We have 〈g, L〉 ∈ L. Thus,
〈g, L〉 = Ma for some a ∈ G
′ \ Z(G). If c ∈ D(g) ∩ L, then Ma =
〈g, L〉 ≤ D(c). By the previous paragraph, this implies that either
c ∈ Z2 or c ∈ C(a). Since Z2 ≤ C(a), it follows that D(g)∩ L ≤ C(a).
We know that |G : D(g)∩L| ≤ |G : D(g)||G : L| ≤ p2p2 = p4. We now
have pm = |G : C(a)| ≤ |G : D(g)∩L| = p4 and m ≤ 4. It follows that
n = m+ 3 ≤ 7. Since n is even, n = 6 and thus, m = 3, and we have
the desired result. 
6. Examples?
The following are some properties of a possible family of groups which
if the family exists would be a counterexample to the conjecture. We
remind the reader that we do not have any examples of Camina pairs
(G,Z(G)) where |Z(G)|2 > |G : Z(G)|. What follows is an outline of a
possible family which if it is exists would have this property. In talking
with James Wilson, we believe it is possible to prove that these groups
exist, but we have not included the proof here.
Take p to be an odd prime and k to be an (odd) integer. Then G
will be a class 3 group of order p5k+1. Both G/Z(G) and Z(G) have
exponent p. (I would not be surprised if G has exponent p, but that
does not seem to be required.) The center of G, Z(G) has order p2k.
Thus, Z(G) is an elementary abelian p-group of order p2k. We have
Z(G) = [G′, G]. Also, Z2(G) is an abelian group of order p
3k+1. In other
words, Z2(G)/Z(G) is an elementary abelian group of order p
k+1. If
g ∈ Z2(G) \ Z(G), then CG(g) = Z2(G). We require G/Z2(G) to be
abelian. Notice that |G : Z2(G)| = p
2k. I can show that |Z2(G) : G
′| ≤
p. It seems that either Z2(G) = G
′ or |Z2(G) : G
′| = p can occur. At
this time, I do not see any reason why one of these possibilities must
occur or not occur. If g ∈ G \ Z2(G), then CG(g) = 〈g, Z(G)〉. In
addition, |G : D(g)| = pk, so |D(g) : Z2(G)| = p
k. We need D(g)/Z(G)
is abelian, and in fact, D(g)′ = Z(G). Also, if h ∈ D(g) \ Z2(G),
then D(g) = D(h). In particular, G \ Z2(G) is partitioned by the sets
D(g) \ Z2(G) as g runs over the elements in G \ Z2(G).
Obviously, G/Z(G) is a class 2 group with exponent p whose center
has order pk+1 and index p2k. The centralizer of every noncentral ele-
ment is abelian and has order p2k+1. Such groups definitely occur. Let
S be a Sylow p-subgroup of SL3(p
k). Then T = S × Zp has exactly
p-GROUP CAMINA PAIRS 13
these properties. Observe that Z(T ) = T ′ × Zp where T
′ = S ′, so
|Z(T ) : T ′| = p. Do there exist examples of such groups with equality?
Notice that if g ∈ G\Z2(G), then D(g) has class 2. In fact, we claim
that D(g) is special. I.e., we claim that Z(D(g)) = Z(G). Notice that
Z2(G) is an abelian, characteristic subgroup of D(g) with index p
k and
order p3k+1. If h ∈ D(g) \ Z2(G), then CD(g)(h) = 〈h, Z(G)〉, and so
|D(g) : CD(g)(h)| = p
2k = |D(g)′|. This implies that clD(g)(h) = hZ(G).
Notice that if these groups exist, then we have |Z(G)| = p2k and
|G : Z(G)| = p3k+1. In particular, these groups have the property that
|Z(G)| < |G : Z(G)|2/3, and so, even if these groups exist, there would
still be a gap between the bound we can prove and the bound that can
be obtained (at least asymptotically).
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